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CALCULATION OF ELUTION PEAK POSITIONS IN GRADIENT ELUTION 

CL-IROMATOGRAPHY WITI-I AN ION EXCHANGER 

INTRODUCTION 

Gradient elution chromatography is an excellent method for the separation 
of a series of similar ionic species with an ion exchanger. The most convenient appa- 
ratus for the gradient elution is the one illustrated in Fig. I. This apparatus has a 
constant-volume mixing bottle which delivers an eluent solution whose concentration 
follows the equation, 

c = c, - (C, - Co) ‘esp (- V/V,n) (1) 

where C denotes the concentration of the eluent when v ml of the eluent solution has 
flowed from the mixing bottle, Co the initial concentration of the eluent in the mixing 
bottle, Cr the concentration of the eluent in the reservoir, and V,, the constant volume 
of the eluent solution in the mixing bottle. 

Some equations have been proposed for calculating where an elution peak will 
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appear in such a gradient elution. SCHWAB, RLEMAN AND VAUGHANI have derived 
equations for the gradient elution of uni-, bi-, and tervalent ions, and KOGUCHL, 
WAIU AND OWASHL~ have derived equations for ions with any integral charge. Since 
anions of a polybasic acid are present as an equilibrium mixture of more than one 
ionic species, the mean charge of the anions deviates from an integral value in most 
cases. The purpose of this paper is to derive more generally applicable equations for 
elution peak positions in the gradient elution of ions whose charges are not necessa- 
rilp integral and to present a method for ‘calculating their elution peak positions. 

DERIVATION OF EQUATLONS 

The fundamental equation for the elution peak position, which has been derived 
in a previous paper2, is: 

D,s = J ‘~mnw 
0 

where V,,, is the 

{I - a*exp (- V/V,J}“dV (2) 

effluent volume at the peak; Dr the distribution ratio of given 
sample ions at a concentration Cr, viz. : 

n, = the amount of the sample ions in a unit volume of resin 
the amount of the sample ions in ~7. unit volume of solution ’ 

W, is a constant given in eqn. (4) below, which is equal to the mean charge of the sample 
ions in an ideal system; S the volume of the resin bed; dt/ the increment of eluent 
solution; and a is a parameter concerned with the concentration gradient of the 
eluent, as shown in the following equation: 

a = (CT - GJ)lG (3) 

Eqn. (2) has been derived on the following assumptions: (I) the plate theory 
holds in all the processes of ion exchange, (2) the volume of the solution in the tubing 
between the mixing bottle and the column, and the interstitial ancl dead volumes of 
the resin bed are negligibly small compared with the effluent volume at the peak, and 
(3) at any concentration of the eluent the following relation holds with respect to 
the distribution ratio of the sample ions: 

where a and ti are constants. 
In order to solve eqn. (z), the variables are changed as follows: 

v/v,,, = t. V,,&fJ2/V,,& = x, D,S/V,,, = y, ClV = V/m& 

Then eqn. (2) can be written as follows: 

I $5 = y CL I - wr~)“cll (5) 
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Next the variable t is denoted in terms of zc where: 

ac-t = 7c, m-d CL? = - (I/ti)ch 

Hence : 

s OX?-X 
= 

y a 
- ( (I - zC)n/ZG}dZc = - s ~"-x(I/u)dzc + jze-x {I -a (I -??.c)~~}*(r/u)d74 = 

s - (1 s QX?‘X 
XX--- - ZC)“}. (I/ZC)cl7C $- (I - (I - zt)‘~}. (1/u)dzt = 

0 

= x--f,,(a) + fn(ae-") = G(x) 

where : 

fn(4 = 
s 
;{I-(+ ~)'a} l (I/zt)dzt 

If one puts, 

I--u= v, cl7,c = -cldv 

eqn. (7) can be represented by: 

f,(z) 3 

s 
l ((I -uq/(I --)lcl~ 
1-z 

(6) 

(7) 

(8) 

As the function f,(z) is very complicated, it is difficult to solve this function d 
with respect to any value of 12. However, it is possible to integrate the right hand side 
of eqn. (8), when n is ~0, ~0 + (l/J, twto + (l/J, and qzo + (3/4), where qzo is an integer. 
The results are given below for: 

fn (4 = I + (1/2) + (I/3) + ***a -I- (r/3zo>--_(I -2 + (1 -z)2*(1/2) + 

+ (I -2)3*(1/3) + “” + (I -z)no~(I/?zo)} (9) 

f,(z) = 2 + (2/3) + (2/5) + a l * * + {2/(2no + I)) - 2 log 2 - 2(1 -2)1/2~ 

*Cl + (I --)‘(1/3) + (I --)2.(I/S) + *.‘. + (I --)no*{~/(2% + I)}] + 

+ 2 log {I -t (I -2)1/2} (IO 

9% = no i- (I/d) : 

in(z) = 4 + (4/s) + 4/9) + "'. + (4/*(4% -I- 1)) - 3 log 2 -((x/2) - 

-4(1 -++/**[I + (I -2)‘(1/5) + (I -z)2*(1/g) -j- “” + (I -z)n~. 

‘{I/(4% + I)}] + log{1 -k (1 -+‘2} i- 2 log {I + (I --z)~/~} + 

,,, + 2 tan-1 (I - 2)W (11) 
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92 = 120 + (R/q) : 

f,(z) = (4/3) + (4/7) + (4/II) + ” - * --t- {4/(4% + 3)) - 3 log 2 + (n/2) - 

- 4(1 - Z)a/4. [(I/3) + 

‘{I/(4% + 3)‘r1 + 1% 

- 2 tan-~ (1 - 2)1/4 

METNODS OF CALCULATION 

(1 -2)‘(1/7) + (I -2)2*(1/11) + **" + (I-zp 

(1 -I- (1 -2)1/q + 2 log (I + (I -2)1/4} - 

(12) 

* 

One of the purposes of this work is to calculate x when y is given experimentally. 
However, eqn. (6) is implicit with respect to x. Therefore, one must calculate y at a 
given x and examine the relation between ,1~ and y graphically. Before these calcu- 
lations are performed, the ranges of the variables in eqn. (6) should be established. 
The values of 9t encountered in many cases are probably smaller than 6. Thus, n, 
was taken to be in the range from 0.25 to 6.00 in intervals of 0.25. The values of 
a were chosen to be in the range from 0.5 to 1.0 with 0.1 intervals. When cc = 1.0, 
c o= o, i.e., the mixing bottle contains initially no eluent. When a = 0.5, Co = (l/&C+ 
If .z is smaller than 0.5, the concentration gradient between the reservoir and mixing 
bottle may be too small to perform efficiently the gradient elution. The values of x 
were taken to be in the range from o to 5.00, at intervals of 0.1, because the concen- 
tration gradient is too small when ,1~ > 5.00. By the use of a computer, ALGOL-H, 
at ICyushu University, 7,200 values of y were calculated for combinations of the vari- 
ables mentioned above. In the same way, 2,400 values of f,(z) were calculated for 
values of a in the range from o to 1.00 at intervals of 0.01, because the lower and upper 
limits of z are o and 1.00, respectively. 

From the data for the relations between 3~ and y, the present authors concluded 
that the most practical and convenient way for calculating values of x as accurately 
as possible is to employ the fol1owin.g two methods depending on whether y is larger 
or smaller than 0.7. 

Method I (y > 0.7) 
When y is large enough, f,(ue-2) is very small as compared with {x - fn(ol)} in 

eqn. (6). Therefore, one can obtain a first approximation value of SV, by the equation: 

Xl = Y + f,&(a) (13) 

By means of Newton’s method, the second approximate value, x2, is given as 
follows : 

x2 = x1 - C{G(xl> - YIP'MI 

= x1. - [f,(ae-q/(I - ae-zl)‘q (14) 

By using the data for the fn(z) functions, which are shown in Table I, one can 
calculate the second approximate value xz. If ti falls between the values given in 
Table I, the value of f,(z) must be obtained by interpolation. 

J. Clt~onzalog., 27 (1967) 214-228 
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VALUES OF f,&(Z) FUNCTIONS 

2 w. ‘6 

:. 

0.25 0.50 0.75 1.00 I.25 I.50 ‘I.;; 2.00 2.25 2.50 -“*7J 3.00 - 

t:: a:02 
2:: 0:os 
0.06 

ob.:;: 
0109 

0.10 
0.11 
0.12 
O-13 
0.14 
0.15 

:.:; 
oha 
0.19 

E’: 
0122 
0.25 
0.24 
0.25 
0.26 
0.27 
0928 
0.29 

00.33: 
0:32 

bo. f;l 
0:x 

:=i; 
013Y 
O.SY 

0*4O 
0.41 
0.42 
0.43 

:*z: 
0:46 
0.47 
0*48 
0.4Y 

00-55: 
0:st 
0.55 
0.94 
0*55 
0.56 
0.57 
0.SH 
0.59 

00% 
0:62 
0.6s 

Et 
0:66 
0.67 
0.68 
0*69 

0.70 
0.71 
D.72 
o* 73 
0.74 
0.75 
0.76 
0.77 

:.;?I . 

0.007s 
0.0101 

x2: 
0:0177 
0.0203 
0.0229 

0.0235 
0.0281 
0.0507 
0.0333 
0.0360 

EEE 
o:o440 
0.0466 
0.049S 

0.0520 
O.OS48 
O-0575 

:. :Ei 
0:06% 
0.0685 
0.0713 
0.0741 
0.0770 

0.0798 
0.0827 
0.0855 
0.0884 
O-0913 
0.0942 
0.0971 
0.1001 
0.1050 
0.1060 

0.1090 
0.1120 
0.1150 
0.1181 
0.1211 

:. tx 
0: 1304 
O.!3S5 
0. IS67 

:‘:5569! 
0116.27 

:. :z: . 

0.1728 

:. E1 
0:1as1 
0.1866 

0.2083 
012121 

:.z:: 
0:223s 
0.2274 
0.2513 
0.2393 
;:;;g 

. 

0.0000 
0.0050 
0.0100 
O.OlSl 
0.0201 
0.0252 
0.0502 
0.0353 
0.0404 
0*0455 

0.0869 

:-:;;fi . 

0.1027 

O.lS46 
0.1400 
0.1454 
0.1508 

0.1563 
0.1617 
0.1672 
0.1727 
0.1782 
0.1637 

E’ :899483 
0:2004 
0.2060 

00% :z 
0:22so 
0.2287 
0.2344 
cl*2401 
0.2459 

00%~ 
0:26J2 

0.2691 
0.2750 
0.2809 

EE!: 
0:291(7 
0. SO47 
0.3107 
0.3168 
0.3229 

O.S2§0 
0.5351 

:.3::: 
013537 
013600 
0.3663 
0.3726 

00. s378gst . 

O-S918 

Oo%z;: 
0:4114 
0.4180 
0.4246 
0.4315 
0.4581 
0.4440 
0.45 17 

0.0376 
0.0452 
0.0527 
0.0605 
0.0679 

oao755 
o.oa31 
0 80907 
0.0985 
0.1060 

Pi ES 
oZi2as 
0.1366 
0.144s 

0.1520 
0.1597 
0.1674 
0.1752 
0.1629 
0.1907 

oo’z% 
012140 
0.2218 

0.2296 
0:2s75 
0 02453 
0.2532 
0.2610 
0 -2689 
0.2768 
0 02847 
0 92926 
0.3006 

0.3085 

z4:; 
o:ss24 

0.5807 

0.3888 
0.3969 
.0.4051 

ZzEi 
0:4296 

tzt76: 
014542 
0.4625 

0.4708 
0.4790 
0.4874 
0.4957 
0.5040 
0.5124 
0.5208 
0.5292 
0.5377 
0.5461 

0.5546 
0.56Sl 

:* wi 
0: 5888 

i%6704 
0:6147 
0.6234 
0.6521 

0.0000 
0.0100 
0.0200 
0.0300 

E%% 
0:0600 
0.0700 
0.0800 
0.0900 

?xbbFi 
0: 1200 
o* 1300 
0.1400 

X~oo 
0: 1700 
O.lROO 
0.1900 

0.2000 

oo.%% 
0 izaoo 
0.2900 

0.5000 
0.3100 

00.3% 
0: 3400 
0.3500 
0. S600 
0.3700 
0 I Sf300 
0.5900 

0.4000 
0.4100 

0.4700 
0.4aoo 
0.4900 

0. so00 
0.5100 
0.5200 
0.5500 
0.5400 
0.5500 
0.5600 
0.5700 
0.5800 
0.5900 

i?66E 
0:6200 
0.6300 
0.6400 
0.6500 
0.6600 
0.6700 
0.6800 
0.6900 

0.7000 
0.7100 

x% 
0:7400 

8%: 
0:7700 

00.7789% . 

0.0000 
0.0125 

00 %:t 
0:0499 
0.0623 
0.0747 
0*0871 
om0994 
0.1!19 

0.1242 
0.1365 
0.1489 
0.1611 
0.1754 
.o. 1857 

:.E,9 
0:2224 
0.2346 

0.2468 
0.2589 
0.2711 
0.2852 
0.295s 
O.SO74 

i?::z 
O:S4S6 
0.3556 

0.3676 

OO’JJE 
0: 4035 
0.4154 
0.4273 
0.4392 
0.4510 
0.4629 
0.4747 

:.4498:3 
0:5101 
0.521R 
0.5336 

“0. ;45;: 
0: 5686 
0.58OS 
0.5919 

0.6612 
0.6726 
0.6841 
0.6954 
0.7069 

0.7183 
0.7296 
0.7410 
0.7523 
0.7636 
0.7748 
0.7860 
0.7972 
0.808U 
0.8196 

0.8859 
0.8969 

Oo’ p?‘sf 
Oh296 

0 l oooo 

k?::Ef . 

o.*i4ai 
0.1627 
0.1773 
0.1918 

:*:% 
0:2341 
0.2495 
0.2634 
0.2781 

0.3629 

:.397:99 
0:4ou 
0.4187 

.0.4S25 

0.5146 
0.5281 
0.54 16 
0.5551 

0.5685 

oo’fsss:~ 
0:6084 
0.6217 
O.BSLlt( 

:‘E’: 
0:674 1 
0.6871 

0.7001 
0.7130 
0.725g 

:*z: 
0:7641 
0.7768 
0.7894 

:.iE: . 

Oo’X 
0:8518 
0.8641 
0.1764 
0~8886 
o.sooL( 
0.9129 
0.9250 
0*9370 

09 9490 
0.9609 

:* K 
0:9963 
l*OOBO 
1.0196 

:%%: 
1:0542 

0.0000 
0.017s 
0.0349 
0.0522 
0.0695 
0.0867 
0.103a 
0.1209 
O.lS79 
0.1548 

:%z 
0:2052 
0.2219 

00.x 
0:2715 
0.2R79 
o.so43 
0.5205 

0.3367 
0.3529 
0 93689 

:*t::; 
014167 
0.4f25 
0~4482 
0.46S8 
0*4794 

OO’EG 
0: 5258 
0.5411 

0.6314 

Z%3 
0:6756 
0.6902 

E%‘l 
0:7536 
0.7479 
0.7621 
0.7763 

0.7904 
O.RO44 
0.8183 
o-as22 
0.8460 
0.8597 
0.8734 
O.E1869 
o.soo4 
0.9159 

0.9272 
0.940s 
0.9537 
0.9668 
0.9799 
0.9928 
1.0057 
l.OlH6 
1 .OSl s 
1.0440 

1.0565 
1.069 1 
1.0815 
1 .OSSM 
1.1061 

:.::Bot 
1:1425 
1.1544 
1.1663 

0.1182 
0.1376 
0.1568 
0.1759 

O.lQSO 
b.2139 
0.2328 
0.2515 
0.2702 

v%; 
Oh255 

:.xJ . 

O*SROO 
0.3980 
0.4151 

00%:: 
0:4688 

K%: 
0:SZOU 
0.5379 

00%~ 
010447 
0.0669 
Oe0889 
0*1107 

:.: 3:: 
0:1755 
0.1968 

0*2180 

0.5550 
0.5719 
O.SYGS 
0.6055 
0.6222 
0.6387 
0.6552 
0.6715 
0.6878 
0.7059 

Oo’%Z . 

0.4222 
0.4419 
0.4614 
0.4BOtJ 
0.5001 
0.5192 
0.5382 
0.5570 

OO’SSE . 

0.6128 
0.6Sll 

0.7200 
0*7359 
0.7518 

00%; 
0:79fd 
0.8142 
0.829 5 
0*0448 
0.8599 

VE% 
017730 

z% 
o:n241 
0.8408 
0.1574 
oet37s9 

00’H9%3 
0:9227 
OeQSR6 

0.8750 
o.na99 

zx% 
0:9342 
0.9487 
0.9632 
O-9775 
oIQ9ia 
1.0059 

:.Oot:: 
1:0620 
1.076H 
1.0916 

1 .oaoo 1.1062 
1 *OS40 1’. 1207 

181155 1.2050 
1.1288 1.2186 
191419 1.2522 

1.1550 
1.1679 

:‘z 
I:2062 
1.2188 
1*2Sl2 
1.2435 

:.w: . 

1.2455 

: ‘22E 
I:2850 

: ‘25% 
115234 
1.3560 
1 l 34n4 
1.5608 

0.0000 
0.0249 
0.0496 
0.0742 
0.0985 
0.1227 
0.1466 

X% 
0:2175 

zt03;: 
0:2867 
0.3094 

:.53:z 
O:S764 
o*ssa4 
0.4202 
0.4419 

o.oood’ . 0.0000 
0.0274 0.0299 
0.0545 09059rc 
0.0814 0.0887 
0.1081 0.1176 
0.1545 0.1465 
0.1607 0.1747 

0.20211 

iz%f . 

0.2632 

:*w 
Oh376 

x:‘: 
0:4100 
0.4SS7 
0.4572 
Oh 4805 

0.4655 
0.4846 

:.3::; 
0:5475 
0.5681 
0.4885 
0.6088 
3.6289 
C.6488 

3.5055 
0.5263 

0.6685 0.7222 
0.6RHl 0.7 429 
0.7075 0.7655 
0.72613 0.7asu 
3.7459 O.ROJQ 
0.7648 0.H239 
0.7835 0.83436 
0.x021 Own6Sl 
0.X206 il.882 5 
0.8348 0.9016 

0.8569 
iI. 
9.8927 
0.910s 
0.9278 
C.9451 
0.9623 
0.979S 
0.9961 
1.0128 

0.9206 
O.YSY4 
0.9579 
0.9763 

‘;“9oE 
1 :oso4 
1.0481 
1.0655 
1.08PR 

1 .0293 
1 00457 
1 

:oO% 
.0940 

i 
.1098 
.1254 

I .I409 

: 
.I563 
01714 

1 01865 
1 .2014 
1 
i 

02162 
.2soa 

1 .tcrss 
1 
i 

-2596 
.27 38 
.2879 

i 
.301H 
.Sl56 

1 l 3292 
1 .-S427 
1.3561 
1 .S694 
l.SR25 
1.3955 
1.4083 
1.4210 
1.4556 
1.4461 

1.0999 
1.1169 
1.1336 
1.1502 

I ‘Ef: 
1:1990 
1.2149 
1 .2306 
1.2467 

1 .2616 

f .z:$ 
1: 3068 

f .x 
1:1507 
1.56&Q 
1.3791 
1 WSQSl 

1.4069 
1.4206 

1.5250 

0.2RSS 
0.3123 

:%:I: 
o:JQls 
0.4174 
0.4430 
0.4685 
0.4933 
O.SlRl 

0.5427 
0.5669 
0.5909 
0.6147 
0.6352 
0.6615 
0.6845 
Ow 7072 
0.7297 
0.7520 

n. 7740 

ix31: 
0: WH6 
0.8597 
0.5805 
0.9012 
099215 
0.9417 
0.9616 

0.9ai3 

i %‘: 
1 :os92 
y;;g 

1:3950 
1.1133 
1.1315 
1*1491 

i 
.2R44 
. so04 

I .S16S 

1 . is20 
. J474 
. S62R 
.J740 

: t%i 
.4224 
.SSdQ 
.451q, 
.4654, 

.1667 

.lR41 
*a013 
.2183 
.2S51 
.a517 
.26Sl 



CALCULATION OF BLUTION FEAK POSITIONS 2=9 

2 ?l. 

3.2.5 360 3.75 4.00 4.2.5 4.50 4.75 5.00 5.25 5.50 5.75 6.00 

:*oa7 
0:o 8 

0.10 
09 11 
0.12 
2*;; 

0115 
Or16 
0917 
0918 
o* 19 

0.0000 
0.0323 
0.0643 
oe0959 
0.1271 
0.15so 
0*1aa5 
Oa21K7 
0.24U6 
0.27Kl 

0.3072 
0.5361 
0~3645 
0.3927 
0.4206 
Ow44Kl 
0.4753 
0.5021 
0.52K7 
0.5550 

It?% 
0:22 

00-~8006; 
036319 

0.2s O&569 
0.24 O-SK16 
O-25 0.7061 

00% 
o:ze 

:‘E 
0:7777 

0.29 0.3010 

ow so 0. .324O 
0.31 0.3467 
o* 32 0. 3692 
0.33 0.6914 
t)* J4 0.9133 
0.35 0.9350 
0.36 0.9563 
0.37 0.9775 
oe 30 OaJ984 
0.39 I .-3 1 90 

0.40 
0.41 
Oe 42 
0*4f 
0*4u 

:% 
0147 
0.46 
0.49 

1.3394 

:’ %:: 
1:3990 
1.1184 

;‘f% 
1: 1752 
1.1936 
I.Lllti 

:*Fi 
0:52 
0.53 
0.54 
0.55 
0.56 
0.57 
0.58 
0.59 

0.60 
O-61 
0.62 

Et 
0:65 
0.66 
O-67 

:0*68 
0.69 

10’299 
1.2476 
10 265% 
1.2826 
1.2997 
1.3166 
1.3334 

?3::: 
1:x323 

1.3982 

: ’ %T 
1:,44s 
1.4600 

:%c 
1:;043 
l.SlKH 
1.5330 

om70 
0.71 
0.72 
0.73 
0974 
0.75 
Om 76 

00% 
0:79 

1.5471 
1.5610 
1.5748 
I.5883 

:::%i 
1.6281 
1.6411 
l-6439 
1.6666 

0.0000 
OmOS48 
090691 
om 1031 

:*E~ 
0:zoas 

00%:: 
0: 2978 

00’33% 
0: SK97 

Oo’%‘: 
0:47sa 

oo’sso3~~ 
0:5633 
0.5909 

0.6182 
Oa 6451 
0.67 17 
0.6900 
0.7238 
0.7494 
0.77 46 

oo*~Z 
o:ew 

0.8722 
O*K95D 
0.9192 
0.9422 
0.9648 
0.9872 
1.0093 
1.0311 
1.0527 
1.0739’ 

1 *OS49 
1.1155 

1*2340 
1.2529 
l-2715 

1.2898 
1.3079 

f’Ef 
1: 36OK 
le3780 
1.3950 
1.4117 
1.4212 
l-4446 

f l %Z 
1: 4922 
1.5077 

PE 
1:5530 

f %~I 
1:5966 

1.6107 
1.6247 

: ‘oobJ% 
0:0740 
0~1102 

00%:~ 
0:2159 
O-2502 

xi:: . 

0.3502 
0.3826 
0.4146 
0.4461 
0.4772 
0~5078 
0.5380 
0.4678 

00%~ . 

0.6547 
0.6KZa 
0.7106 
0.7379 
Oe7649 
0.7915 
0.8177 
0.K435 
0.8690 
0.K941 

0.0000 

00%X 
0:1173 
0.1553 
00 1927 
0.2295 
0.2658 
0~3015 
0.3367 

0.3713 

k?z% 
0: 4722 
0.5048 

:: 2::; 
0.5996 

:%% . 

0.6903 
O-7196 
0.7484 
0 -7768 
O.KO48 
0 -8324 
0.8595 
0 -8062 
0.9125 
0.9385 

hQ189 
089433 
0.9674 
0.9911 
1.0145 
1.037s 
I .0602 
1.0827 
1.1047 
1.1265 

V99% 
110139 
1.0383 
1.0623 
1 .OH59 
1.1092 
1.1322 
1.1547 
1.1770 

i.14ao 
1.1692 
1.1900 
1 a2106 
1.2309 
1.2509 
1.2706 
1.2901 
1.3092 
1.3281 

f=Ez 
I:2418 
1.262s 

:w 
1:32ss 
1.3435 
1.3630 
1.3822 

1.1468 

:%ss 
1:4012 
l-4188 
1 a4362 
1.4534 
1.4703 
1.4870 
1.5034 

1.4010 
1.4197 

:%E 
1:4739 
1.4915 
1.5oLlg 
I.5258 
1.5427 
1.5592 

:%; 
1:5515 
1.5671 
1 *SK25 
1.5977 

t’66z 
1:6420 
1.6564 

1.5756 

t %:I 
1:6233 
1 .638h# 
1.6540 
1.6691 
1.6839 
1.6986 
1.7130 

: l x 
1:6986 

t z;r 
1:7553 

t ‘77E 
1:7391 

t ‘E’: 
117959 

1.7523 1 .HOSl 
1.7653 1 .K221 
1.7782 1 .a350 
1.7909 1.8477 

0*2812 
ov31aa 
0*3558 

o*s922 
oo42ao 
0~4652 
094978 
o-5319 
09 5654 
O-5984 
Oe6309 

ii l E! . 

:*x 
017853 
0.8147 
0.8436 
Oe8721 
0*9001 
019276 
019547 
099K14 

; $gj 
1:osKK 

:‘E% 
1:1325 
1.1563 
1*179H 
1 e2028 
1 e2255 

I -2478 

: ‘22~:~ 
1:3127 
193337 
1 es543 
1.3746 
le3946 

:*::437’ * 

18452K 
1.4716 
1 l 4901 
I. 5084 

X% 
1:5615 
1*5787 
1.5956 
1*6!25 

1.6287 
1.6449 
1 .6609 

Kiz 
1:7075 

i ‘8~72~ 
1:7522 
1 a7667 

:*x 
1:so90 
1,022’ 
198363 
1 l B497 
1 a8629 

:%E 
1:9015 

0.0000 

EE 
0:1315 

oo’xi 
0:2563 
0.2964 

i= fE . 

0.412R 
0.4502 
0.4a70 
0.5231 
0.5586 
0*5935 
0.6278 
0.6614 

x: . 

0.7590 
0.7904 
0.8213 
O-a516 
O.I814 
0.9107 
0.9395 
0.967H 
0.9956 
1.0230 

1.0490 
1.0762 
1.1022 
1 d277 

1.294K 
1.3171 
1.3390 
1.3606 
1.381W 

: l ;E 
r:si,, 
1. 5,582 

x:: 
1:6117 
1.6290 

: ‘66%:: . 

l-6793 

:-%% 
1:7274 
1.7430 

: ‘X 
1:7m 
1 .a031 
1.8176 

: l f%‘: 
1: R600 
1.873H 

:*c% 
1:9140 
1.9270 
1.9399 
l-9526 

E%‘: 
0:assz 

00%~ 
0: 2267 
0.2695 
O-31 16 
o.ss29 
0.3934 

0.4331 
0.4721 
0*5104 
0.5480 
0.5H48 
0.6210 
0.6566 
O-6914 

00%: . 

: ‘Z 
Ok64 
0.8876 
0.9182 
0.94iR3 
0 -9778 
1.0068 
1*0353 
1.0633 

I.0907 
1.1177 
1.1442 

1%72 
1:azos 
1.2455 

i ‘22%: 
1:3169 

1.3399 
1 l 3625 
1.3847 
1.4066 

f ‘E’: 
1: 4699 
1.4903 
1.5103 
1 .SSOl 

1.9495 
1.56K6 
1. St374 

:*6607t: 
1:6<20 
1.~6596 

:‘zz 
1:7109 

1.7275 
1.7438 
187599 

t %:2 
l:eO68 

f ‘ix; 
l:Y516 
1 *a662 

1 l BB05 
1.8946 

‘I %!t 
1:9359 
1 l 9493 
l-9626 
1.9756 
1.9885 
2*0013 

0.0000 
or049s 
OaOQaO 

t i Liz: 
0:2379 
0 02827 
0*3266 

:m . 

00%:; 
0:5335 

ix; 
0:648 1 
0*6X49 
Oe7209 
0.7562 
Om7908 

1 *O’S8 
la1024 

1.1304 
1*157a 
1.1848 
1*2112 
1.2372 
1,262’ 
1 l 2877 

t-3:c 
1:3601 

1.3x34 
184062 

f %KO:: 
114724 
1*4937 
le5146 
1 l s352 
1.5554 
195753 

l-5948 
196140 

t ‘a652Z 
G669K 
1-6X78 
l-7055 

: :E 
1.7569 

:*777e;; 
l:KO60 
l*H219 
l,H376 
1 l H530 
l-8682 

; ‘%G 
1:912i 

1 l 926H 

‘! l g,: 
I:9687 

f ‘%%7f 
2:ooss 
2*0220 
2*0349 
2e0476 

0.0000 

X% 
0:1526 
0.2013 
00 2490 
0.2958 
0*3415 
0.3863 
0.4301 

0~0000 
o-0544 
0.1076 
00 1596 
Oi2104 
0.2601 

ix:: 
0:402a 
o-4482 

00’“5:;t 
0:5563 
0.5966 
0.6361 

:-67::: 
o:7497 

oo%t: . 

0.8565 
0 -8906 
0.9241 
0.9569 
0.9890 
1.0205 
1.0514 
1 wOBl6 
le1112 
1 *I403 

0.4927 

:= xi 
0:6204 
0.6611 
0*7009 
0*7399 
0.7780 
0.8153 
O*BSlR 

0.8876 
0.9225 
0.9568 

%03: 
I:0552 

1 l lbBQ 
1.1967 
1.2241 
1.2510 
1.2773 
1.3032 
1.3285 
1.3534 
1.3776 
1.4017 

1.2061 
1.2344 
1.2622 

:%z . 
1.3423 
1.3679 
1.3931 
1.4177 
1.4019 

1.4253 
1.44B3 
1.4710 
1.4932 
1.5151 
1.5369 
1.5576 
1.5783 
1.5986 
1.61K6 

1.4656 

:-z; 
1:SSSZ 
1.5561 

zz 
1.6197 

f l ::oo: . 

1.7316 1.7737 
1.7494 1.7915 
1 a7669 l.HOQO 
l.‘Rbl 1.R263 
1.4010 1.8432 

1.8176 
1 .R340 

: %:~ 
1 :aem 
1 .R97.? 

: l 99% 
1:9422 
1.9568 

1.8599 
1.8763 
1 .K925 
1.9084 
1.9241 
1.9396 
1.9548 
1.9698 
1.9846 
1.9992 

1.9711 
1.9853 
189992 
2.0130 

z% 
2:0533 
2.0663 
Z-0792 
2mo920 

2.0135 
2.0277 
2.0417 
2.0555 
2.0691 
2*OK25 
2.0957 
2.lOHkt 
2.1217 
Z-1344 

Oe4662 

0*5121 

E~70~ 
0:6438 
0.6157 

oo%% 
o:ao5s 
Odt3440 
0.8814 

0.9160 
0.9537 

EfE 
1:0563 

: ‘ET: 
1:1s23 

‘1’ E3 . 

1~2423 
1.2710 
l-2992 
1 es267 
1.3537 
i .saol 
1.4061 
1 l 4314 
194563 
1.4807 

l-5046 

1 l 6saa 
1.6597 
1 l 6802 
l-7004 

1.7202 
1.7396 

1 .BBSH 

t ‘Eo’ 
1:9331 
1.9491 

t ‘99% 
1:9955 
280105 
2~0253 
290399 

3%~~ 
i:Oa24 
290962 
291098 
2*1232 
2.1364 
2*1495 

2%: . 

0 .oooo 
0.0593 
0.1171 
0.1734 

:%it;’ 
0:ssso 
0.5854 
0.4353 
0.4a39 

0.5315 

0.7930 

E%i 
0:9104 

0 l 9477 
0.9842 

: *ix: 
1:08x6 
1.1219 
l-1544 
iolR62 

Et% . 

1.2774 

: ’ 3% 
1: 362B 
1.3901 
1.4168 
1.4429 
1.4685 
1.4936 
1.5182 

1.5423 
1.5659 
i.5aso 
1.6117 

:-d% 
lZ6771 
1.69F11 
1.7188 
1 l 7390 

:- 135: 
1:7975 

:* XI 
iZa530 
1 .Y709 

1’ %!Z 
it922a 

1.98H2 

2.0790 

Z-0934 
2.1075 

(contimed ow p. azo) 





CALCULATION OF ELUTION PEAK POSLTIONS 221 

---_ 
Ta 

3.25 3.50 3.75 4.00 4.25 4.5’0 4.75 5.00 5.25 5.50 5.75 G.00 

-50 1.6791 1.7431 
a81 1.6914 1.7555 
.82 1.7036 1.7678 

083 1.7157 .iJlr 1.7277 :*x 
-85 1.7395 l:goJG 
-86 1.7511 1.8153 
-87 1.7627 1.8269 
.H8 1.7741 1.8383 
.89 1.7854 1.8496 

a90 
-91 
-92 

‘.98 
-99 

l.dGll 
1.8714 
1.8817 
1.891H 

1.9459 
1.9560 

1.92il 
1.9321 
1.9430 
1.9538 

:*i%: 
1:98S& 
1.99&O 
2.0062 
2.0164 

-00 1.9019 1.9661 2.026.4 

1.7966 1.8GfJ7 
1.8076 1.8718 
l.SlBS 1.8827 
1.4293 1.8935 
l.d400 1.9042 
1.3SOG 1.9148 

1.9253 
1.9356 

1 .t(O34 
1 .H158 
1.8280 
l.MlJOl 
1.8521 
1.8619 
1.8756 
1.8872 
1.8986 
1.9099 

1.8603 1.9141 i-99% 2.0138 2.0602 2. 

1.8727 1.9265 2.0020 1:QSQS 2.0262 2*0726 :*gRs941: 

1:9090 

1.9388 1.9409 2.0385 2.0506 2.0849 :: 

1.9629 2.0140 2.0626 
1.9208 1.9747 2.025Y 
1.9325 1.9tJG4 2.0374 
1.9(141 1.9979 2.0490 

:*99z . 2.0094 2.0207 2.0605 2.0718 2.1668 2*15ss "2: 

045 170 22-x 
292 2:1717 
413 2.1838 
533 2.1958 
652 2.2076 
768 2.2193 
884 2.2309 

TTY 2.2423 2.2536 

2:oooo : l z 2.0318 2.1316 2.1780 
22-x: 

2:064& 2.0753 

2.1536 2.1426 2.2000 2.1890 

Z*%E 
2:0320 

2.1157 2.1264 i-x 
2:w57 

2.2108 2.2215 
2.0859 2.1370 2.2320 

2.0425 2.0964 2.1475 2.1961 2.2425 
2.0529 2.1067 2.157H 2.2065 2.2529 
ij.0631 - 2.1170 ~~-- 2.1GiTi 2.2167 2.2631 
2.0733 2.1271 2.1785 2.2269 2.2733 

2.0833 2.1372 2.1883 2.2369 2.2833 

2.2223 2.2648 
2.2334 2.2758 

2.2867 

2.2972 
2.3075 2.3499 
2.3176 2.3601 

,2.3277 2.3701 2.4109 2.4500 

2.3055 
2.3165 
2.3275 
2.3383 
2.3490 

$-Et 
2:3804 
2.3907 
2.4008 

2.2269 
2.2393 
2.2516 
2.2.637 
2.2756 
2.2875 
2.2992 

!z*:;ozz 
2:3335 

2.3446 
2.3557 

FE 
2:3!381 

*.. 

ThBLE III 

ERRORS OF .Vz CALCULATED BY METHOD 2 
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Fig. 2. Relation bctwccn x and y. (a) a = 0.5; x = 0 - 2.x ; y = 0 - 0.7; interval of 12 = 0.25. 
(b) a = 0.5; x = 0 N 0.5; y = 0 N 0.03; intcrvnl of It = 0.50. 
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Fig. 3. Relation bctwccn x and y, (a) a = o,G; x = o N 2.3; y = o N 0.7; interval of n = 0.25. 
(b) a = 0.G; x = 0 N 0.7; y = 0 N 0.03; interval of 92 = 0.50. 
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Fig. 4. J&h.tion bctwecn x and y, (a) o! = 0.7; x = o N 2.5; y = o N 0.7; intcrWl of 91 = 0.25. 
(b) a = 0.7; x = 0 h, 0.8; y = 0 w 0.03; interval of ‘12 = o,so. 
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2 3 4 5 6 

0.3 0.6 0.9 x 

Fig. 5, Ilclation bctwccn x and _y, (a) a = 0,s; x = 0 N 2.6: y = 0 N 0.7; interval of n = 0.25. 

(!_I) a = 0.S; x = 0 N 1.0; y = 0 r~ 0.03; interval of n = 0.50. 
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Fig. 4. Relation bctwccn x ancly. (a) a = 0.0; x = 0 hr 2.7; y = 0 N 0.7; interval of ‘II. = 0.25. 
(lo) o! = 0.9; x = 0 r~ 1.1; y = 0 - 0.03; interval of 9~ = 0.50. 
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l;ig. 7, KCclation bctwcen x and jJ. (a) 61 = 1.0; X = 0 N q.8; y = 0 N 0.7; interval of ?a = 0.25. 
@)a! = 1.0; 3 = 0 r~ 1.2; y = 0 hl 0.03; intcrvd of 12 = 0.50. 
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As has been shown in Table II, the errors for x2 obtained by this method are 
always less than 1 %, when y is larger than 0.7. However, when y is smaller than 0.7, 
this method for calculating x2 results in large errors, especially when 12 is large. 

A&ethoG? 2 (y < 0.7) 
When y is smaller than 0.7, one should use another method for calculating 

the approximate value of X. The relations between ,“G and y are illustrated graphically 
in Figs. 2-7 for each value of a. From these figures, one can obtain the first approxi- 
mate value x1 for an experimental value of y. By means of Newton’s method, the 
second approximate value x2 is given by the following equation: 

x2 = Xl - [{Xl - In(a) + fn(ce’“‘) - y>/(1 - ac-~r)q (15) 

Since one can read graphically the first approximate value x1 with an accuracy 
of 0.02, the errors of x2 are within 3 y. for the cases shown in Table III. 
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SUMMARY 

The authors have derived equations for elution peak positions in gradient 
elution chromatography generally applicable to ions whose mean charge is 3zo, gzo -j- 
(r/J, MO + (1/2), or so + (3/4), where 320 is an integer. Practical and convenient methods 
are proposed for calculating the approximate values of elution peak positions. 
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